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* Nuclear imaging

SPECT single-photon emission computer tomography and PET

GENERATION OF X-RAYS

THE X-RAY TUBE

FIGURE 1 – X-ray tube
FIGURE 2 – Photon generation

X-rays are produced by a beam of high energy electrons striking the surface of a
metal target.
A negatively-charged cathode acts as the source of these electrons and consists of a small
helix of thin tungsten wire through which an electric current is passed.
When the temperature of the wire reaches ∼ 2200◦C, electrons have sufficient energy
to leave the metal surface.

FIGURE 3 – X-ray tube

A large positive voltage is applied to a metal target (works as anode).
A potential difference between the anode (metal plate) and the cathode (tungsten wire)
of between 25 and 140 kV is applied, such that the electrons produced at the cathode
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are attracted to the anode, striking it at high velocities.
This potential difference Ua is known as the ACCELERATING VOLTAGE or kVp

When the high energy electrons strike the anode surface. they interact with the inner
e shells of the target (X-rays are not radioactive !)
Different energies of X-rays are required for different medical applications (example :
low energy x-rays for digital mammography). You can achieve this by using different
metals in the anode.

EXAMPLE Calculate the wave length λ for an applied voltage Ua of 100 kV

Ephoton = h ∗ f = e ∗ Ua = m ∗ c2 (1)

Pphoton = m ∗ c (momentum formula) (2)

Ephoton = Pphoton ∗ c (3)

h ∗ f
c

= Pphoton (4)

h

λ
= Pphoton (from the relation c=f*λ) (5)

We can than rearrange our equations to include the voltage and the wavelength in
equation 6 :

Ephoton =
h

λ
∗ c (eq. (3) and (5) ) (6)

h

λ
∗ c = e ∗ Ua (7)

⇒ λ =
h ∗ x
e ∗ Ua

= 12.5pm (8)
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BREMSSTRAHLUNG

FIGURE 4 – Bremsstrahlung

The fast-moving electron will decelerates when it swings around a heavy nucleus.
This mechanism involves an electron passing close to the nucleus of an atom of the metal
forming the anode and being deflected from its original trajectory by the attractive forces
from the positively charged nucleus. This defection results in a loss of electron kinetic
energy, and this energy loss is converted into X-ray. The maximum energy that an X-ray
can have corresponds to the entire kinetic energy of the electron being transferred to
the X-ray. With every new interaction, the available electron energy will decrease until
it reachesEmax.

* electron interacts with electrons in outer shells
* energy depends on the distance at which electron passes nuclei
* spectrum is continuous : from 0 to Emax
* interaction depends on Z and E values of the electrons ( the heavier the nucleus,

the higher the photon Energy )
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CHARACTERISTIC RADIATION

The second mechanism to generate X-rays is characteristic of the particular metal
used in the anode, hence the name "characteristic radiation"

FIGURE 5 – Mechanism

The fast-moving electron interacts tightly with the bound electrons in the target

1. The electron interacts with the K-shell electron of the anode and ejects this one.
A "hole" is created

2. The hole will be filled by an electron from an outer (L or M) shell. The energy
of the L or M shell electron is bigger than the energy required to bind into the
K-shell.Eelectron > Ebinding,k

3. This difference of energy is emitted as a single X-ray with a specific energy

EX−ray = Ebinding,K − Ebinding,LorM
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ENERGY SPECTRUM

The spectrum represents a plot of the relative number of X-rays produced as a func-
tion of their energy.

The Bremstrahlung results in a broad spread of energies because of the partial loss of
energy after each encounter with a nucleus. The distribution decreases almost linearly
⇒continuous spectrum.

The characteristic radiation results in peaks as the energy can be precisely calculated
and is characteristic for each metal used.

FIGURE 6 – Bremsstrahlung FIGURE 7 – Characteristic radiation

FIGURE 8 – Materials and Electron energy

Exam question : Draw the spectra of the Bremsstrahlung and the characteristic ra-
diation
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X-RAY TUBE

FIGURE 9 – material and electron energy : Energy spectrum for various target
materials and for various accelerating fields

The higher the atomic number of the metal in the target, the higher the efficiency of
X-ray production.

HEAT PRODUCTION

Power absorption

α =
absorbed power

incident power
(α for a black body = 1)

FIGURE 10 – self absorption

Power

1% X-rays 99% Heat

Diffusion
(∼ ∆T )

Radiation
(∼ T 4)
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Stefan-Boltzman law

W = σ(T 4 − T 4
environment) (α = 5.7 ∗ 10−12 [W ∗ cm−2 ∗ 3 ∗K−4])

The rate of heat transfered by emitted radiation is determined by this law. The net rate
of heat transfer is related to the temperature of the object and of the surrounding.

Wien’s displacement law

λpeak =
b

T
b = 2.9 ∗ 10−3 [mK]

This equation gives you the relation between the temperature of an ideal blackbody
(captures all the radiation that falls in) and the wavelength at which it emits the most
radiation.

FIGURE 11 – Wien’s law graphic

The tungsten target of the anode is about 0.7 mm thick and forms a cylindrical disk
which rotates at high speed, 3000 rpm, in order to reduce the localized heating.
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ATTENUATION OF X-RAYS

TERMINOLOGY

* Transmission

Photons passing through the body

* Absorption

Partial or total absorption of photon energy

* Scatter

Potons diverted in a new direction

* Attenuation

Absorption + scatter

THE PHOTO EFFECT

FIGURE 12 – photo effect mechanism

The mechanism is similar to the one for the characteristic radiation.

1. The energy of the incident X-ray is absorbed by tissue, with a tightly bound elec-
tron being emitted from the K- or L-shell.

2. The ejected electron has an energy equal to the difference between the energy of
the incident X-ray and the binding energy of the electron.

3. An electron from a higher energy level fills the "hole" with the emission of a
"characteristic" X-ray. This X-ray has a very low energy and is absorbed by the
tissue

The net result in tissue is that the incident X-ray is completely absorbed and does not
reach the detector.

The photo effect leads to the total absorption of the photon
* The photo electrons cause biological damage→ "ionizing radiation"
* The probability of the photo effect depends on the energy of the incident X-ray,

the effective atomic number (Zeff ) of the tissue and the tissue density (ρ)

Ppe ∝
Z3
eff

E3
(9)
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The equation (9) indicates that, at low X-ray energies, the photo effect produces high
contrast between bone (high attenuation due to calcium) and soft tissue (low attenua-
tion), but that the contrast decreases with increasing X-ray energy.

THE COMPTON EFFECT

FIGURE 13 – compton effect mechanism

Compton scattering refers to the interaction between an incident X-ray and a loosely
bound electron in an outer shell of an atom in tissue.

1. A small fraction of the incident X-ray energy is transferred to this loosely-bound
electron in form of kinetic energy

2. With this energy, the electron is ejected and the X-ray is deflected from its original
path

This process is unwanted because you cannot deduce the path of the photon anymore,
except if it’s forward scattering, but because the loss of energy is so small, the X-ray will
reach the detector.

Compton effect leads to photon "bouncing"
* The recoil electron is responsible for "biological" damage
* The probability for Compton effect is independent of the atomic number and is

proportional to the tissue electron density and is only weakly dependent on the
energy of the incident X-ray.

Probability ∝ ρ

E
(10)

Low X-ray energies⇒ photo effect dominates.
Since Zeff.bone ≈ 2 ∗ Zeff.tissue there is more attenuation in bone than in tissue, and
excellent tissue contrast. But at higher X-ray energies (needed to go deep through tissue)
the contribution from Compton scattering becomes more important, and the contrast
drops.⇒ DILEMNA
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MASS ABSORPTION µ′ AND LINEAR ATTENUATION COEFFICIENT µ

µ′ = δ ∗ NA

A
[
cm2

g
]

µ = µ′ ∗ ρ [cm−1]

ρ : density of the tissue
µ : linear attenuation coefficient. The value of µ is the sum of the individual contributions
from photoelectric absorption and Compton scattering. µ(e) = µphoto + µcomptom

δ : specific to the tissue

BEER-LAMBERT’S LAW

I =

∫ Emax

0
I0 ∗ (E) ∗ e−

∫∞
−∞µ(E,x) dxdE

FIGURE 14 – mass absorption coeffi-
cient

FIGURE 15 – linear attenuation coeffi-
cient

Beer-Lambert’s Law Deriving the law from the linear attenuation coefficient

I(x+ dx)− I(x) = −µ ∗ I ∗ dx

the difference in the intensity before and after passing the tissue is the
intensity lost in the tissue, which is dependent of the linear attenuation coefficient µ and
the width dx of the tissue.

1

I
∗ dI = µ ∗ dx integrate

ln I = −µ ∗ x+ const.

I = I0 ∗ e−µ∗x
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FIGURE 16 – linear attenuation coefficients

The photoelectric effect dominates at lower energies (left in the graphic) whereas
Compton scattering is more important at higher energies. At low X-ray energies, bone
has the highest mass attenuation coefficient because the photo effect is more important
and because of the high effective atomic number of bone compared to tissue and lipid.
At high energies, the attenuation becomes less for all the tissue and the difference in
attenuation is lower too⇒ less contrast.
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PROJECTION IMAGING

PRE-FILTERING

FIGURE 17 – Aluminium filters

X-ray filters are used to selectively attenuate or block low-energy X-rays during me-
dical x-ray imaging (radiography). Low energy x-rays (less than 30 keV) contribute little
to the image as they are so heavily absorbed by the patient’s soft tissues, particularly the
skin. This absorption add to the risk of radiation effects (e.g. tissue reactions or cancer)

RESOLUTION OF IMAGING PROCEDURES

* Spatial resolution

Blurring of object points when projected into image

* Contrast

Difference in linear attenuation coefficients between tissues

* Temporal resolution

Sample rate of temporal recording

SPATIAL RESOLUTION

OBJECT REPRESENTATION

The spatial resolution is related to the smallest distance between two features such
that they can be seen individually.
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If you want to image the red line of the object, you will get "halbkreis" with the 0(x)
axis corresponding to the attenuation in the object. Therefore, it the middle of the object
where the attenuation is maximum, you’ll get the maximum value on the O(x) axis.

MAPPING THE OBJECT SPACE ONTO THE IMAGE SPACE

FIGURE 18 – object to image FIGURE 19 – concept of the line-spread
function

THE LINES-SPREAD FUNCTION (LSF) describes the imaging system performance in
1D. Since the system is not perfect, it introduces some degree of blurring and the image
does not appear as sharp as its actual physical shape. The degree of blurring is represen-
ted with the LSF. Figure 19 shows that the more blurred the image, the broader the LSF
will be.

THE POINT SPREAD FUNCTION describes the spatial resolution of an imagine system
in 2D. The point will be imaged as an area (more or less big)

FOURIER SERIES FOR THE REPRESENTATION OF AN OBJECT

O(x) =

∫ ∞
−∞

(a(k) sin(kx) + b(k) cos(kx))dx
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MAPPING THE FOURIER REPRESENTATION OF OBJECT INTO IMAGE :

Jk(x) = a(k)

∫ ∞
−∞

δ(x−X) sin kx dX → J ′k(x
′) = a(k)

∫ ∞
−∞

L(x′ −X) sin kx dX

Object space⇒ Image space

MTF : MODULAR TRANSFER FUNCTION

Mathematically, the MTF is given by the fourier transform of the PSF. So the MTF
expresses the system performance in the frequency dominain while PSF expresses it in
the spatial domain. FT(image) = MTF* FT(object)

FIGURE 20 – concept of MTF

CONTRAST

Contrast ∝ (µ1 − µ2)d

There is large contrast between bone and tissue/air but very little contrast amont the
other tissues.
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From the Beer-Lambert equation (page 11) we
know :

I1 = I0 ∗ e−µ1∗α1

I2 = I0 ∗ e−µ2∗α1

TEMPORAL RESOLUTION

Temporal resolution (TR) refers to the precision of a measurement with respect to
time.Often there is a conflict between temporal resolution of a measurement and its
spatial resolution. This conflict can be attributed to the speed of light and the fact that
it takes a certain period of time for the photons to reach the observer. In this time, the
system might have undergone changes itself. Thus, the longer the light has to travel the
lower is the temporal resolution. In the case of 4D PET imaging, the resolution may
be limited to several minutes because a transducer may be able to record data every
millisecond but available storage may not allow this.

PHOTOGRAPHIC FILM

DOUBLE-SIDED FILM WITH INTENSIFYING SCREENS

Most of the X-Rays from the patient falling on a film pass straight through without
any interaction. The film alone is not a very sensitive method of detecting X-rays.But
lower-energy light photons are absorbed by the film. The solution is to use fluorescent
screens that absorb the X-radiation and re-emit visible radiation (light) with the same
pattern of the original X-ray.
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ANTI-SCATTER GRID

FILM WITH ANTI SCATTER GRID

The anti-scattered grid is placed between the patient and the X-ray detector in order
to reduce the contribution form secondary radiation (compton scattering).

FIGURE 21 – film with anti scatter grid FIGURE 22 – mechanism

The thick arrows show primary radiation which passes through the anti-scatter grid,
and the thin arrows correspond to secondary Compton-scattered radiation which is stop-
ped by the grid. Th grid is made of parallel strips.

IMAGE INTENSIFIER

FIGURE 23 – Image intensifier FIGURE 24 – photomultiplier

The incident radiation is converted into light through the scintillating screen. When
the light reaches the photocathode, photoelectrons are emitted and are then accelerated
and focused to strike on the first electrode(dynode) where electron multiplication takes
place to than reach the photoanode. This large number of electrons reaching the anode,
results in a sharp current pulse that is easily detectable, signaling the arrival of the
photon at the photocathode about a nanosecond earlier.
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DIGITAL X-RAY

IMAGE CONVERSION

LUMINESCENCE USING BARIUM FLUORHALIDE (BAFBR :EU)

FIGURE 25 – Mechanism
FIGURE 26 – Excitation of electrons

The computed radiography (CR) plates convert the X-rays which pass through the
patient and the anti-scatter grid into light.

1. When X-rays strike the plate they release electrons in the phosphor layer.

2. The absorbed X-rays liberate e− from the valence band (stabile, energy GGW) to
the conduction band (possible for the e− to move, therefore conducting). The e−

are trapped for hours in sites formed by dislocations in the phosphor crystal.

3. Scanning red laser stimulates the trapped electrons : they return to the ground
state, and as they do, they emit the difference in energy between excited and
ground states as light. The light is detected, converted into voltage, amplified,
filtered and digitized by the PTM (photomultiplier tube)

This conversion of the X-rays to light is called the indirect conversion
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SELENIUM DETECTOR : DIRECT CONVERSION

The incident X-ray photon is captured and converted directly into electric charge.

FIGURE 27 – selenium detector

1. Apply a Voltage drop around the selenium

2. When the X-rays photons arrive on the selenium atoms, photoelectric effect oc-
curs thus sending the electron in the conduction band and creating a hole in the
valence band (original shell).Thank to the voltage drop, the e− will travel to the
+ end and the hole (positive charge) will travel to the - end.

3. This moving of the charges creates a current that can be converted in a signal.
The generated current is thus proportional the the intensity of the irradiation.

The direct X-ray conversion method has the main benefit of having a higher modula-
tion transfer function (MTF), leading to a high spatial resolution and highly contrasted
images.

SILICIUM DETECTOR : DIRECT CONVERSION

FIGURE 28 – silicon detector

Silicon detectors measure the energy of an incoming photon by the amount of ioni-
zation it produces in the detector material (same as the selenium detector)
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SCINTILLATION DETECTOR

FIGURE 29 – scintillation detector

A scintillation counter is an instrument for detecting and measuring ionizing radia-
tion. It consists of a scintillator which generates photons of light in response to incident
radiation, a sensitive photomultiplier tube which converts the light to an electrical si-
gnal, and the necessary electronics to process the photomultiplier tube output. Both the
intensity and the energy of the radiation can be measured.

See page 17 : Image intensifier

CONTRAST AGENTS

X-ray contrast agents are designed to be very efficient at absorbing X-rays, to have a
strong contribution from photoelectric interactions. They increase the contrast.

IODINE-BASED CONTRAST AGENTS

They are injected into the blood stream and are used to visualize the vasculature in
the brain, heart or peripheral arteries and veins. With iodine, there is increased X-ray
attenuation in the blood.

DIGITAL SUBTRACTION ANGIOGRAPHY

FIGURE 30 – DSA mechanism FIGURE 31 – stenosis

The procedure involves acquiring a regular image, then injecting a bolus of iodinated
contrast agent into the bloodstream, acquiring a second image, and then performing
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image subtraction of the two digital images. DSA is used to investigate diseases such
as stenoses and clotting of arteries and veins and irregularities in systemic blood flow.
Real-time DSA exists...whatever :)

COMPUTED TOMOGRAPHY (CT)
Principle : the two-dimensional structure of an object, in this case the spatially

dependent X-ray attenuation coefficients, can be reconstructed from a series of one-
dimensional ?projections ? acquired at different angles

PROJECTION VERSUS TOMOGRAPHIC IMAGING

PROJECTION IMAGING

= 3D structures that are collapsed onto 2D images :
* details are obscured
* low soft-tissue contrast
* not quantitative

TOMOGRAPHIC IMAGING

= 3D structure is resolved :
* slices ("gr : Tomos = slice")
* Computed image reconstruction
* Projection imaging and CT share the same principles of x-ray generation, inter-

action and detection

CT-RECONSTRUCTION PROBLEM

HOMOGENEOUS OBJECT, MONOCHROMATIC RADIATION

For homogenous object, it’s possible to find the linear attenuation coefficient µ, but
it isn’t really helpful, as we rarely scan homogenous object.

I = I0 ∗ e−µ1∗d

P = ln
I0
I

= µ ∗ d

µ = ln
I0
I
∗ 1

d
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INHOMOGENEOUS OBJECT, MONOCHROMATIC RADIATION

I = I0 ∗ e−µ1∗d1−µ2∗d2−µ3∗d3−... =

= I0 ∗ e−[
∑n

i=1 µi∗di] = I0 ∗ e−
∫ d
0 µds

P = ln
I0
I

=
∑

µi ∗ di

µ =?

INHOMOGENEOUS OBJECT, POLYCHROMATIC RADIATION

I =

∫ Emax

0

I0(E) ∗ e−
∫ d
0 µ(E)dsdE

P = ln
I0
I

µ(x, y) =?

HISTORY

* Johann Radon, 1917

mathematica foundation for tomographic image reconstruction. Proves that

n-dimensional object can be reconstructed from an infinite number of its (n-1)

dimensional projections.

* Allan Cormack, 1963

first experiments with axial tomography. Wanted to find diamonds in rocks

* Godfrey Hounsfiels, 1972

first clinical prototype manufactures in England. Used it to visualize brain

tumors non invasively.
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PRINCIPLE

The X-ray source and the detectors are rotated through 360◦ around the patient.
2 collimators are used to select the desired slice thickness. To understand the 2
graphs : the higher the intensity after going through the patient, the lower the
attenuation of the X-Rays. They measure the attenuation of the x-rays throughout
the object with this formula.

∫
µ(z) dz = ln

I0
I

IMAGE RECONSTRUCTION

DIRECT INVERSION (SOLVING N UNKNOWNS FROM N EQUATIONS)
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EXAMPLE 1 The left figure shows the intensities measured for 4 different projections
through an idealized material. Using the principles of back-projection, reconstruct
the 2x2 image matrix.
EXAMPLE 2 Sketch the back-projected image which results from imaging the circu-
lar cross section with the three projections shown in the figure (right).

STEP 1 The intensity value measured
on the exit after the projection 1 are
assigned (or back-projected) to those
elements through which they passed

STEP 2 The intensity value measured on the exit after the projection 2 are assi-
gned (or back-projected) to those elements through which they passed and then
added to the previous values for projection 1.
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STEP 3 The intensity value measured on the exit after the projection 3 are assi-
gned (or back-projected) to those elements through which they passed and then
added to the previous values for P1 and P2

STEP 4 The intensity value measured on the exit after the projection 2 are assi-
gned (or back-projected) to those elements through which they passed and then
added to the previous values for P1, P2 and P3.

EXAMPLE 2
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ITERATIVE RECONSTRUCTION

STEP 1

We choose a direction (here the horizontal one), we add measured attenuation va-

lues we received from the CT and divide it by the number of voxels in that direction.

7 + 3 = 10

10

4
= 2.5

STEP 2 Add up the measured attenuation in all the directions (in our case, it’s eve-

rywhere 5)

STEP 3

Calculate the difference between the measured attenuation in 1 and the estimated

in 2, divide this difference by the number of voxels in this line and add it to the values

in 2.

1st line horizontal :

3− 5 = −2→ −2

2
= −1⇒ 2.5− 1 = 1.5

2d line horizontal :

7− 5 = 2→ 2

2
= 1⇒ 2.5 + 1 = 3.5

Diagonal :

5− 5 = 0

STEP 4 We than start the process (from step 2 on) again in the vertical direction

left line vertical :

4− 5 = −1→ −1

2
= −0.5⇒ 1.5− 0.5 = 1

4− 5 = −1→ −1

2
= −0.5⇒ 3.5− 0.5 = 3
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right line vertical :

6− 5 = 1→ 1

2
= 0.5⇒ 1.5 + 0.5 = 26− 5 = 1→ 1

2
= 0.5⇒ 3.5 + 0.5 = 4

Link : Explanation with more voxels

BACKPROJECTION

Backprojection of a cylinder where you assume uniform intensity throughout the
disk and zero intensity outside the disk. The projections P1- P8 are acquired at different
angle ϕ. The process assigns an equal weight to all pixels in the reconstructed image
for each projection with the dark area corresponding to the highest signal intensity(b).
Summation of the individual image gives the result in (c).

The back projected image f’ is given by :

f ′(x, y) =
n∑
j=1

P (r, ϕj dϕ)

Where n is the number of projections. Backprojection is like piling up spagettis.

BACKPROJECTION- POINT SPREAD FUNCTION (PSF)

PSF is obtained if

1. radiusobject → 0

2. number of projections→∞
3. number of samples per projection→∞

PSF ∝ 1

r

http://koukalaka.wordpress.com/2012/01/18/physics-in-medicine-lectures-week-2-ct-imaging/
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RADON TRANSFORM OR SYNOGRAM

(sorry, das thema isch mir ned so klar)

With this method, the projections are plotted as a function of the angle ϕ. The pro-
jections are plotted with the signal amplitude represented by the brightness of the sino-
gram, with a high amplitude corresponding to a bright pixel, and a low amplitude to a
dark pixel. This can be used to detect the presence of patient motion, which is visible
as a signal discontinuity. This reconstruction method related a 2D function f(x,y) to the
collection of line integrals of that function.

The projection of the image is plotted
as a line integral relative to the atte-
nuation through the object with r’ the
distance till the highest attenuation.

Pϕ(r) = −
∫
µ(r, s) ∗ ds (11)

Express r in polar coordinate in order
to express µ(r, s) in µ(x, y) :

r = x ∗ cos(ϕ) + y ∗ sin(ϕ) (12)

The radon function is the line integral over the 2D function µ(r, s) expressed in
equation 11. We get then :

Pϕ(r) = −
∫∫ +∞

−∞
µ(x, y) δ(x cos(ϕ) + y sin(ϕ)− r)dx dy (13)
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With the δ(*) being the Dirac delta function. For 2 dimensions, the delta function says
that ∫∫

f(x, y) δ(x− a, y − b) dxdy = f(a, b) (14)

The last step is the synogram.

Each point (x,y) in object space contri-
butes to a unique sinusoid in the syno-
gram with the amplitude of the sinu-
soid being

√
x2 + y2, the distance of

the point (highest attenuation) from
the origin (r’ in the graph). In the sy-
nogram, you plot the distance from
origin at which you see the object.

FOURIER-SLICE THEOREM OR PROJECTION-SLICE THEOREM

If Pϕ(r) denotes the Radon transform of f(x, y), then the 1D Fourier transform of
Pϕ(∗) equals the slice at angle ϕ through the 2D Fourier of f(x, y)

You can use the fourier Transform of the Radon function in order to get µ(x, y),
which is what you need for the reconstruction of the image.

FIGURE 32 – Graphical description of
the projection slice theorem

Fourier Transform of the Radon transform of f(µ, s)

F{Pϕ(r)} = −
∫∫ +∞

−∞
µ(s, r) e(−iur) dr ds (15)

Change in x-y coordinate

F{Pϕ(u)} = −
∫∫ +∞

−∞
µ(x, y) e−iu(x cosϕ+y sinϕ) dx dy (16)

Change in p-q with p = u cosϕ and q = u sinϕ

F{Pϕ(p, q)} = −
∫∫ +∞

−∞
µ(x, y) e−ixp e−iyq dx dy (17)
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RECONSTRUCTION FORMULA

µ(x, y) = − 1

4π2

∫∫ +∞

−∞
F{Pϕ(p, q)} eixp eiyqdp dq (18)

Apply the inverse transform again

µ(x, y) = − 1

4π2

∫ π

0

∫ +∞

−∞
F{Pϕ(u)} eiur |u| du dϕ (19)

It flows from the Fourier-slice theorem that the Radon transform describes comple-
tely any (fourier transformable) object f(µ, s), because there is a one-to-one correspon-
dence between the radon transform and the 2D Fourier transform (17), and from (17)
we can recover f(µ, s) by an inverse 2D Fourier transform. (19).

1. F{Pϕ(u) } is weighted by |u|
2. F{Pϕ(u)} |u| is inversely transformed

3. and summed over all angles ϕ (= back projection)

Link : Complete mathematical explanation
Link : Complete mathematical explanation

CONVOLUTION BACKPROJECTION

IMAGE = FILTER ∗ OBJECT↔ F{IMAGE} = F{FILTER} xF{OBJECT}

The convolution backprojection is
used because with the normal backpro-
jection there is a signal intensity outside
the actual object which leads to image
blurring. By applying an appropriate filter
function to each projection before back-
projection can reduce the blurring. The fil-
ter is applied via convolution.

As we know,convolution in the space
domain = multiplication in the spatial
frequency-domain which is much faster
than convolution. To switch from space to
spatial frequency-domain the Fast Fourier
Transform is used. To swich back to the
space domain to get the image, inverse

Fourier transform is used.

http://www.math.ucla.edu/~heilman/papers/04172010Radon.pdf
http://web.eecs.umich.edu/~fessler/course/516/l/c-tomo.pdf
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Applying a filter before the backpro-
jection gives a more accurate image of
the object.

Link : nice and easy explanation

CONVOLUTION BACKPROJECTION PROCESS

FIGURE 33 –
step 1

FIGURE 34 –
step 2 FIGURE 35 –

step 3

STEP 1
Convolution (with filter) of your synogram to de-blur the image

STEP 2
Backprojection : from your 1D projection ⇒ 2D laminar function (graph on the right is
a laminar image)

STEP 3
Summation of all the back projected images

http://www.aapm.org/meetings/02am/pdf/8372-23331.pdf
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DIFFERENT BEAM GEOMETRIES

From
⇒ Pencil beam, Fan beam, Parallel fan beam, Cone beam

HOUNSFIELD UNIT

It demonstrates the values of absorption coefficients that range from air (−1000) to bone
(>1000 compact bone) with water =0. Everything lighter than water (air, fat,..) will be
in the negative scale, everything heavier (blood, tissue,bone,...) will be in the positive
scale

Calculation of the CT Value :

CTvalue =
µ− µwater
µwater

1000HU

IMAGE RECONSTRUCTION

From equation 19 we have : |u| is the F{FILTER}.

µ(x, y) = − 1

4π2

∫ π

0

∫ +∞

−∞
F{Pϕ(u)} eiur |u| du dϕ (20)

How to find the FILTER ?
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FIGURE 36 – Ram-Lak filter

From this you can deduce :
"Theoretical" PSF (see page 27)

PSF ∝ |1
r
|

"Corrected" PSF

Filter ∝ | 1
r2
|

2 GENERAL APPROACHES TO RECONSTRUCTION

Recon Object O(x, y) Measurement Measured data P (ϕ, r)

Analytical continous continuous continuous
Algebraic discrete linear discrete
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ADVANCED TECHNIQUES AND APPLICATION OF CT

SPIRAL CT

Acquiring a single axial slice through a par-
ticular organ is of very limited diagnostic use, and so a volume consisting of multiple ad-
jacent slices is always acquired. One way to do this is for the X-ray source to rotate once
around the patient, then the patient table to be electronically moved a small distance in
the head/foot direction, the X-ray source to be rotated back to its starting position, and
another slice acquired. This is clearly a relatively slow process. The solution is to move
the table continuously as the data are being acquired : this means that the X-ray beam
path through the patient is helical. Such a scanning mode is referred to as either ?spiral ?
or ?helical ?.

In spiral CT, the PITCH is defined as the ratio of the table movement (d) per rotation
of the X-ray tube to the (collimated) slice thickness (S).

FIGURE 37 – illustration of pitch

P =
d

S

Z INTERPOLATION

With a normal CT, all the data for a slice at position Z are collected in this exact
position, you get the whole slice before moving to the next slice. With a helical CT, you
don’t get the whole slice at position Z, you need a trick for the reconstruction : the
z-interpolation.
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The data you get is helicoidal (in this picture,
the z-axis would be the horizontal axis), you can
see that in the horizontal plane you don’t get the
whole data of a slice in the z-direction (man hat
so zu sagen nut einen Kapla). You will interpo-
late the missing data. Between the 2 green points
(they should represent the points at the same z
position after 1 rotation), you have all the kapla
you need to make a horizontal slice.

For the interpolation, you need the points 1 rota-
tion before (Zj) and 1 rotation after (Zj + d). d
being the length of the rotation or the table mo-
vement during one rotation.

FIGURE 38 – comparison between CT

FIGURE 39 – z-interpolation
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MULTISLICE CT

The efficiency of spiral CT can be increased by
incorporating an array of detectors rather than
just a single detector.

The dimensions of the separate rows of the detectors can be the same, or they can
vary in size with usually the smallest detectors close to the center of the array.

Example : the Siemens detector which can ac-
quire 32 slices of 0.6mm thickness at the centre
of the array and 24 slices of 1.2 mm thickness
by combining the signal from neighboring inner
elements.

You can acquire much more data in the same
time.

CLINICAL APPLICATION

CT is used for a wide range of clinical conditions in almost every organ. Brain, lymph
nodes, lung, pelvis, liver, gall bladder, spleen, kidneys, GI tract, spine and extremities are
studied using CT.

CEREBRAL SCANS

Used to look for signs of internet bleeding, tissue edema and skull fracture. Blood
shows up as a high CT number compared to the surrounding tissues whereas edema has
a lower intensity than tissue.

Also used for diagnose of tumors in combination with contrast agents.
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PULMONARY DISEASE

Normal lung tissue appears dark, but not as dark as the air whiten the lungs. A lesion,
calcification, or blood flow can be seen due to the difference of attenuation.

LIVER IMAGING

With contrast agents, you can image the whole liver. Example, fatty infiltrations into
liver (alcoholism, diabetes) will give an image with a lower intensity than a healthy liver.

CARDIAC IMAGING

These studies normally use an iodinated contrast agent and are aimed as assessing
calcifications within the heart (arteriosclerosis). The image acquisition must be as fast as
possible to 2freeze" the cardiac motion : image acquisition is gated to the heart motion
via an ECG trigger.

IMAGE QUALITY

Reducing the dose increases the noise of the image. Because there is a big difference in
attenuation between bone and surrounding tissue, the radiation dose can be low.

I(x, yz) ∝ O(x, y, z) ∗ PSF (x, y, z) + noise

With Spatial blurring and uncertainty
The quantum noise follows a poisson distribution :

σ ∝
√
N

With N : mean number of x-ray quanta registered by the detector
In a region of interest in your scan, the pixel noise can be measured.

σ =

√√√√ 1

M − 1

M∑
i=1

(Ii − I)2

σ =

√
1

Q∆z

With Q : Tube current x scan time and ∆ z the detector thickness
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DOSE

RADIATION BASICS

* Several reaction mechanisms of cell if hit by radiation
Cell repair
interaction with nearby cells (bystander effect)
Genomic instability
Cell death

* Cells that grow out of control become cancers
* Non-cancer effects of radiation include blood disorders, circulatory problems,

liver disease, thyroid disease and others

ABSORBED DOSE (energy deposited per unit mass)

1Gray = 1Gy = 1
J

kg

Note : the absorbed dose is not a good indicator of the likely biological effect.

EQUIVALENT DOSE (reflects biological in contrast to physical effect)

1Sievert = 1Sv = 1
J

kg

Note : the equivalent dose to a tissue is found by multiplying the absorbed dose, in grays,
by a dimensionless " quality factor" Q, dependent upon radiation type, and by another
dimensionless factor N, dependent on all other pertinent factors.

1Sv = QN [Gy]

Quality factor Q
Photons, all energies Q = 1

Electrons and muons, all energies Q = 1
Neutrons Q = 5− 20
Protons Q = 5

Alpha particles Q = 20

Pertinent factor N
Bone marrow, colon, lung, stomach N = 0.12

Bladder, brain, breast, kidney, liver N = 0.05
Muscles, pancreas, intestine, uterus N = 0.05

Bone surface, skin N = 0.01
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EQUIVALENT DOSE
— mean dose received by atomic bomb survivors was 0.2 Sv
— low dose radiation regime < 0.1 Sv
— the average nuclear worker is exposed to 0.02 Sv
— average background exposure to radiation is 0.0025 Sv per year
— average dose per CT scan is 0.02 Sc
The CT of the heart is the one with the highest dose radiation (20 mSv)

Difference of radiation in-
tensities between projec-
tion and tomographic ima-
ging

We can see a direct correlation between the
radiation dose and incidence of solid cancer

The Excess Relative Risk refers to
the additional risk of a disease
that can be associated with an
exposure. For the atomic bomb,
a dose of 1 Sv is expected to re-
sult in an ERR of 0.93.

HEALTH EFFECTS

— Radiation increases the risk of cancer and other diseases
— There is no "safe" dose of radiation
— Risk is related to dose
— Women and children are more sensitive to radiation than men



41

The younger the person, the higher the Ex-
cess Relative Risk per Sievert radiation.

CT VENDOR’S VIEWS

The attributed dose in a CT has more positive
than negative effects.

The number of clinically performed CT increases every year.
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signal and noise
system components
application overview
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ACRONYMS

NMR : Nuclear Magnetic Resonance
MR : Magnetic Resonance
MRI : Magnetic Resonance Imaging
MRS : Magnetic Resonance Spectroscopy
fMRI : Functional Magnetic Resonance Imaging
MRT : Magnet Resonance Tomographie
KST : KernSpin-Tomographie

1.NUCLEAR MAGNETIC RESONANCE

INTRODUCTION

MRI provides a spatial map of the hydrogen nuclei in different tissues. The image
intensity depends upon the number of protons in any spatial location, as well as physical
properties of the tissue such as viscosity, stiffness and protein content. In addition to
anatomical information, MRI can be made sensitive to blood flw (angiography) and
blood perfusion, water diffusion and localized functional brain activation.

ADVANTAGES DISADVANTAGES
No ionizing radiation required Image acquisition is much

slower than CT and ultra-
sound(but comparable to
PET)

Images can be acquired in any 2 or 3D plane Lots of patients are excluded
of MRI because of metallic im-
plants

Excellent soft-tissue contrast Much more expensive than CT
or ultrasound

Spatial resolution of 1mm or less
Negligible penetration effects

MRI COMPONENTS

The system is made of 3 hardware components :

a superconducting magnet (strength : 3 Tesla ∼ 60’000 x earth’s magnetic field
3 magnetic field gradient coils
a radio frequency transmitter and receiver
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MAGNETIC MOMENT

The spinning proton of the hydrogen
nuclei can be thought as a vary small
bar magnet with a north and south

pole.

* Rotating charge creates a magnetic field
(electromagnetic)

* Angular momentum P is given by the
mass, radius and impulse of charge

* Magnetic moment µ results : −→µ = γ
−→
P

With γ gyromagnetic ratio : 42.6 MHz/Tesla
for H proton

The magnitude of the magnetic moment has a fixed value. Outside the MRI magnet,
the magnitude of µ of every proton in our body is fixed, but the orientation of the "little
magnets" is random⇒ the net magnetization is zero.
In MRI, the magnetic moment aligns with B0 in either the same direction, parallel
(energetically favorable state) or in the opposite direction antiparallel. Note : parallel
and antiparallel refer to the z-component (direction of B0 field) of µ only. The ratio
between parallel and antiparallel depends on the strength of B0 (how much energy you
put in the system to make the spin flips to the less energetically favorable conformation)

MAGNETIC MOMENT IN STATIC MAGNETIC FIELD

* Magnetic dipole moment µz aligns with B0

* Potential Energy :

Em = −µz ∗Bo = −γ h B0 m
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how to mathematically get there

~ =
h

2π
with h : Planck constant

Pz = ~ m Quantized momentum with m = ±1

2

µz = γ ~ m From equation −→µ = γ
−→
P

Em = −µz B0 The difference of Energy between parallel

and antiparallel state is ∆E = γ ~ B0

⇒ Em = −γ ~ B0 m

CONVENTION

ENERGY LEVELS AND POPULATION DIFFERENCE

We calculate the relative number of
protons in each of the two configura-
tions with the Boltzmann equation

N− 1
2

N+ 1
2

= exp

(
−∆E

kb T

)
with kb Boltzmann constant and T in Kel-
vin

The MRI signal depends on the difference in populations between the 2 energy levels.
The MRI can detect only the differenceNparallel−Nanti−parallel and not the total number
of protons Ntotal.

Nparallel −Nanti−parallel = Ntotal
γ h B0

4π k T

∆n is a value that can be observed from outside and depends on the strength of
B0.In vitro you can increase ∆n by freezing the samples,the protons would need more
energy to switch to the anti-parallel position (nimm i mal a)
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See example 5.1 page 208 of the book :D

MACROSCOPIC MAGNETIZATION

At the microscopic level, the magnets
are only aligned to B0 in the z-
direction, they still spin around B0’s
magnetization vector with an angle,
but at the macroscopic level, the ove-
rall magnetization vector will point in
the z-direction too.

M0 =
∑

µ = ∆n µz

The effect of placing a proton in a magnetic field, is to cause it to turn around B0

at a frequency directly proportional to the strength of the magnetic field. This frequency
ω0 is called the Larmor frequency.

The B0 field attempts to align the proton magne-
tic moment with itself, and this action creates a
torque C given by :

−→
C = −→µ ×

−→
B0

The torque causes the proton to precess around
the axis of the magnetic field while keeping a
constant angle θ.

The resonance condition (larmor frequency) is :

ω0 = γ B0

∆E = ~ γ B0 ⇒ ∆E = ~ ω0

EXAMPLE : What is the Larmor frequency, expressed in MHz, for B0 fields of 1.5
Tesla ?

f =
ω

2π
=

γ B0

2π
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EFFECT OF RADIO FREQUENCY PULSE ON MAGNETIZATION

To obtain an MR signal, energy must be supplied with a specific value ∆E to stimu-
late transitions between the energy levels.The energy is supplied as an electromagnetic
field (referred to as radio frequency field). The frequency f can be calculated :

∆E = h f

h f = ∆E =
γ h B0

2π

⇒f =
γ B0

2π
or ω = γ B0

EXCITATION

Transmitting RF energy at Larmor frequency ω0 = γ B0

Receiving RF energy with an antenna tuned to Larmor frequency. The voltage received
is due to the change of the magnetic flux B over time.

PRECESSION

As seen before, turning around of the proton (cal-
led precession) is due to the torque between µ of
the proton and B0. The change in magnetization
can be described as such :

dMx

dt
= γ (My ×B0)

dMy

dt
= −γ (Mx ×B0)

dMz

dt
= 0 (21)
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B1 TRANSVERSAL MAGNETIZATION

Energy is applied as a short RF pulse, with the direction of the magnetic component
(B1) of the RF field oriented at 90 degree to the direction of B0.

The same way, B1 field produces a torque which causes the net magnetization to ro-
tate towards the xy-plane. Note : if the B1 field is applied along the x-axis, the magnetic
moment vector is rotated towards the y-axis (torque).

This changes the magnetic component of equation 21 :

d
−→
M

dt
= γ

−→
M ×

(−→
B0 +

−→
B1 (t)

)

ROTATING REFERENCE FRAME

The rotating reference frame (x’, y’, z) is a convenient visualization model In this

frame, the x’ y’ plane rotates around the z-axis a the Larmor frequency. Therefore, pro-
tons precessing at the Larmor frequency appear static in the rotating reference frame.
During imaging, protons precess at different frequencies depending upon their spatial
location : the rotating reference frame becomes essential for analysis.

EFFECTIVE B1 FIELD

The effective field applied is the vector addi-
tion of B0 and B1. The magnetization vector
M will precess around Beffective
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After excitation, the Longitudinal ma-
gnetization decreases as the magneti-
zation vector is getting pushed down
in the x-y plane by B1 and there-
fore, the transversal magnetization in-
creases.

T1 AND T2 RELAXATION TIMES

Application of an RF pulse creates a non-equilibrium state by adding energy to the
system. After the pulse has been switched off, the system must relax back to equilibrium.
There are 2 relaxation times which are tissue specific.

T1 : Refers to the relaxation of the z-magnetization

T2 : Refers to the relaxation of the x- and y-magnetization

Mz = M0

(
1− exp

(
− t

T1

))

Mxy = M0

(
exp

(
− t

T2

))
T ∗2 is the combined relaxation time of T2 and T+

2

which characterizes the effects of local B−0 field
inhomogeneity.

The relaxation times are tissue specific and depend on
B0 and the tissue. T1 is always longer than T2 due to
the phase shift happening in the x-y plane (due to the
shift, the overall magnetization vector Mxy goes back
to 0 faster because you sum up all the µ and they are
dephased)

RELAXATION TIME AND CONTRAST

Because there is a notable difference between relaxation times amongst soft tissue,
you can apply your RF pulse in a manner that one tissue will have time to recover fully
before being slipped to 90 degrees again whereas other tissue will only partially recover.
The difference in signal received will than be enhanced (more signal from the fully
recovered as from the partially recovered).
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MR signal intensity ∝ B2
0

SNR ∝ B
3
2
0

BLOCH EQUATIONS

The Bloch equations are a set of macroscopic equations that are used to calculate
the nuclear magnetization M = (Mx,My,Mz) as a function of time when relaxation
times T1 and T2 are present.

dMx(t)

dt
= γ (My(t) Bz(t)−Mz(t)By(t)) −

Mx(t)

T2

dMy(t)

dt
= γ (Mz(t) Bx(t)−Mx(t)Bz(t)) −

My(t)

T2

dMz(t)

dt
= γ (Mx(t) By(t)−My(t)Bx(t)) − Mz(t)−M0

T1

TIME VS. FREQUENCY REPRESENTATION

It is most convenient to look at the signals in the
frequency-domain rather than time-domain, and this
is performed using a Fourier transform of the time-
domain signal.

FREE INDUCTION DECAY AND SPIN ECHO

The free induction decay FID refers to the fact that
the signal precesses freely after the RF pulse has been
turned off, it is detected via electromagnetic induction
and decays to a zero equilibrium value.In the transver-
sal plane, the spin will dephase and completely ran-
domize after some time. The net magnetization will
then be zero Animation to understand the FID Link :
FID The spin echo is very well explained on wikipedia
Link : Spin echo

https://www.youtube.com/watch?v=mHz-q-3l1DE#t=11
https://www.youtube.com/watch?v=mHz-q-3l1DE#t=11
http://en.wikipedia.org/wiki/Spin_echo
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EXAMPLE : Which coil configuration is able to detect the MR signal ?

As seen before, the signal is detected if there is a
change in magnetization over time which induces an
electromagnetic Voltage in the RF receiver coil. The-
refore :

dM

dt
= γ (M ×B) (22)

For equation (22) not the be zero, the coils must be
perpendicular to B0 ⇒ 1 and 2 are correct.
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2.MAGNETIC RESONANCE IMAGING

INTRODUCTION

The signal shown before contain no spatial information, there is no way to distin-
guish between signals coming from protons located at different spatial positions within
the body. The idea is to make the magnetic field vary spatially within the patient in order
to have a spatial variations. This is performed by incorporating 3 gradient coils. They
are designed so that the spatial variation in magnetic field through the patient is linear
with respect to spatial location.

SPATIAL LOCALIZATION OF MR SIGNAL

* A gradient in the external magnetic field is ap-
plied in the z-direction

* This causes the resonant frequency to be dif-
ferent at each z location. RF pulse is then tu-
ned to one frequency

* Only the spins in the slice corresponding to
that frequency will flip and contribute to the
signal

* All the other locations will not be excited

The same principle is applied to X and Y directions so that each voxels in 3D (or 2D)
will have it’s unique properties (RF resonance f, frequency, phase) and can be precisely
located.

The resonance frequency at the desired slice at position z can be calculated :

ω(z) = γ

(
B0 +

∂Bz
∂t

z

)
= γ (B0 +Gz z)

3 Steps to localization

1. Slice selection (gradient applied in z-direction)

2. Frequency encoding (gradient applied in x-direction)

3. Phase encoding (gradient applied in y-direction)

The 3 spatial gradients G measured
in Tesla pro meter
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PHASE ENCODING

By applying the phase encoding gradient,the nuclei in different rows experience dif-
ferent magnetic fields. Where the highest magnetic field is applied, the nuclei will pre-
cess fastest (precessional frequency is high) and their phase will also change.

The phase encoding gradient is then turned off : nuclei resume to their original
precessional frequency, but the phases stay shifted.

FREQUENCY ENCODING

The last step is to apply a gradient in the "last" (here x) direction while acquiring the
data. During the time t, protons precess at a frequency given by ωx = γGxx : frequency
at each x-position will be different.

With those gradient steps, you get a in-
dividual and unique combination of fre-
quency and phase for each voxel of the
selected slice.

with ρ(xi) the number of proton in
the x-slice
ω(xi) the encoding in the x di-
rection (usually the spatially de-
pendent resonance frequency)
Sum up all the contribution σ to
get the signal s(t)

This spatially encoded signal consist of a projection of the signal from all the spins
that are in the same position along the frequency gradient direction.If a FT is applied,
the result will be a projection of the shape of the object against the direction of that
gradient.

The frequency of the spins is increasing
from left to right due to the gradient along
the horizontal axis. The signal from each
of the samples will occur at different fre-
quencies, and within each sample, the
shape of the signal will be a projection
of the spin density against the horizontal
axis. The projection is the sum of all the
signals at each point along the gradient, 2
points along the same line are superimpo-
sed ant the signal intensity adds together.
Link : Explanation with video Link : Short
explanation with video

https://www.youtube.com/watch?v=iLj5MTLOJSk#t=332
https://www.youtube.com/watch?v=VvU6LbRZJBE#t=10
https://www.youtube.com/watch?v=VvU6LbRZJBE#t=10
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By Fourier Transforming the signal, you
can identify the different harmonics in
your signal. The fourier Transform is like
a recipe-it tells you exactly how much of
each wave you need to mix together to re-
construct the original wave Link : Anima-
tion to understand the fourier transform

K-SPACE AND IMAGE RECONSTRUCTION

The signals can be expressed mathematically as :

s(Gy, τpe, Gx, t) ∝
∫∫

slice
ρ(x, y) exp−jγGyyτpe exp−jγGxxt dxdy (23)

Gy = Gradient in the y direction

τpe = Duration of application of the phase encoding gradient∫∫
= Represents the fact that signal comes only from protons within the slice, and

that there is no signal from protons outside this slice

ρ(x, y) = Number of protons at each position (x,y) within this slice. proton density

exp−jγGyyτpe = Represents the phase term ϕy = γGyτpe

exp−jγGxxt = Represents the spatially dependent resonance frequency ωx = γGxx

We introduce 2 variables kx and ky. The k values are spatial frequencies.

kx =
γ

2π
Gxt, ky =

γ

2π
Gyτpe (24)

Equation 23 can than be expressed in terms of these 2 variables which gives the
possibility for the acquired date to be represented as a 2-D data set in kx, ky space.

S(kx, ky) ∝
∫∫

slice
ρ(x, y) exp−j2πkxx exp−j2πkyy dxdy (25)

RELATION BETWEEN K SPACE AND OBJECT SPACE

If we consider the N data points collected when the maximum negative value of the
phase-encoding gradient Gy is on, you can see from equation 24,that the values for ky
will have a maximum negative value.

https://en.wikipedia.org/wiki/File:Fourier_transform_time_and_frequency_domains.gif
https://en.wikipedia.org/wiki/File:Fourier_transform_time_and_frequency_domains.gif
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Before data acquisition, a negative gra-
dient in the x-direction is applied such
that the data acquisition begins at the
most negative value of kx, after Tacquisition

2 ,
the kx value is zero and gets positive for
the rest of the acquisition.

With the technique described before, you
actually swipe line 1 of this graphic. With
the most negative gradient Gy you set
the ky value and with the gradient in x-
direction, you set the starting point of the
data acquisition to the most negative kx
value and let it slide to the end of line 1.

SAMPLING

The total data acquisition time Tacquisition
is given by Tx ∗Nx

Tx = How long we wait before measuring the signal

Nx = Number of phase encoding steps

Little help

TE = How long we wait before measuring the signal

(denotated Tx in our lecture)

TR = How long we wait before the next excitation

Choice of TE and TR determines the signal contrast
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OBJECT AND K-SPACE

As seen on page 55 the object is re-
presented as lines where you have
different harmonics and in the k-
space, the signal is sinusoidal with
bright signals being positive and
dark signals negative

The central row of k-space is mea-
sured with the phase encode (y)
gradient turned off. An Fast Fourier
Transform of the data in the central
row produces a projection or profile
of the object

RESOLUTION IN OBJECT AND K-SPACE

The resolution in object space is gi-
ven by ∆x and in k-space as ∆kx

FREQUENCY ENCODING EXPERIMENT

The RF pulse excites the spins,
they than flip to 90 degrees
The positive gradient Gx will make
you sample in a spatial positive
frequencies (positive values of kx,
we will see it later)
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In order to sample continuously from the
left to the right, you need to switch on a
negative x-gradient first

By switching on the y-gradient, you can
swipe more lines with different ky values
The x-gradient , negative and then posi-
tive, for swiping continuously from left to
the right

A 2D forward FT gives you the signal in
the k-space
An inverse Ft of the k-space data S(kx, ky)
gives the proton density ρ(x, y), in other
words the MR image

The low values of k-space correspond to low spatial frequencies, with the value of
kmax representing the highest spatial frequency.

The higher is the value of kmax,i.e the hi-
gher the number of phase encoding steps
acquires, the higher the spatial resolution.
The maximum acquired signal is at the
centre of k-space.
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SLICE SELECTION

Slice selection uses a frequency-selective RF pulse applied simultaneously with one
of the magnetic field gradients.The frequency has a bandwidth (∆f), meaning a range
of frequencies.

Here you can see the bandwidth of the RF
pulse

The thickness of the slice depends on both
the bandwidth and the gradient strength
with the mathematical relation :

∆z =
2∆f

γGz

The end effect is, that only a slice with
specific thickness will be flipped because
it’s spin’s Larmor frequency is tuned to the
frequency of the RF pulse

RADIO FREQUENCY PULSE AND SLICE SELECTION

Link : From 1.10 As seen before,an RF pulse is able to excite a broad envelope of
frequencies (first graph in -slice selection.p.58) with a specific bandwidth. The shape
of this excitation profile is represented by the Fourier Transformation of the RF pulse
envelope waveform.

The best case scenario for the excitation
of your slice is to have a homogenous
excitation within the bandwidth to make
sure that all your spins receive the same
RF intensity. This means that you want a
rectangular shaped excitation profile. You
can achieve this with a sinc formed RF
pulse since this sinc shaped RF pulse and
the rectangular shaped excitation profile
are Fourier pairs. please look at the video
if you don’t get it

https://www.youtube.com/watch?v=egUko7ThEws
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GRADIENT ECHO ENCODING EXPERIMENT

Gz : slice selecting gradient
Gy in the + direction and Gx in the - di-
rection simultaneously : Diagonal from A
to B
Gx alone drives you in the positive x di-
rection : Horizontal from B to C

SPIN ECHO ENCODING EXPERIMENT

As we saw (p.51), the spin echo requires
a second RF pulse of 180 degrees, which
will slip the spins. Here in this representa-
tion, the spin echo is the B to C 180 degree
flip.

TISSUE PROPERTIES

As application of a magnetic field oscillating at the Larmor frequency (the RF pulse)
was required to establish a non equilibrium Mz value, re-establishment of the equili-
brium value of Mz must occur via a similar mechanism. The oscillating magnetic field
which produces relaxation is not created by an RF pulse, but by the random motion
of the magnetic moments in tissue. These randomly fluctuating magnetic fields contain
components at many different frequencies : a fluid liquid such as CSF (cerebrospinal
fluid) has a broad range of frequencies from very low to very high, whereas a tissue such
as cartilage in which the protons are held in a very tight matrix can produce only low
frequencies.

The frequency spread is quantified by the spectral density J(f).

The higher the value of J(f), the greater
the oscillating magnetic field component
at that frequency. The component of J(f)
at the Larmor frequency J(f0) can stimu-
late the transition between the high and
lower energy states and thereby cause the
Mz component of magnetization to return
to it’s equilibrium value M0.
The larger J(f0), the more effective is T1
relaxation process and the shorter T1 re-
laxation time
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PARTIAL SATURATION METHOD

The PS is an excitation technique applying
repeated RF pulses in times comparable to
or shorter than T1. Incomplete T1 relaxa-
tion leads to reduction of the signal ampli-
tude : there is the possibility of generating
images with increased contrast between
regions with different relaxation times

T1 WEIGHTING

* Short TR
Maximizes T1 contrast due to different degrees of saturation
If TR (repetition time) is too long, tissues with different T1 all return to

equilibrium
* Short TE

Minimizes T2 influence, maximizes signal
Here is the video explanation of the different weighting : Link

MAGNETIC RESONANCE ANGIOGRAPHY

MRA does not require the use of contrast agents. The most common technique is
called time-of-flight (TOF) angiography which is based on the much shorter T1.eff of
blood due to flow into and through the imaging slice if the slice is oriented perpendicular
to the direction of flow.

The actual T1 value of the water in blood
is similar to the value for many tissues :
BUT, during the TR delay between succes-
sive RF pulses and phase encoding steps,
a new pool of blood flows into the vo-
lume being imaged. These protons have
not experienced any RF pulse in compari-
son to the surrounding tissue which is still
relaxing.

To differentiate between flowing blood and stationary tissue, a very heavily T1-
weighted sequence should be used with a large tip angle (to get maximum signal from
the blood) in combination with a short TR value (to minimize the signal from the statio-
nary tissue (due to incomplete relaxation) and acquire the data rapidly)

https://www.youtube.com/watch?v=yHJI2NS2-1U
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3.INSTRUMENTATION AND APPLICATIONS

SIGNAL AND NOISE

SNR-RESOLUTION-SPEED

Recap : Noise can be considered as a random signal which is superimposed on top
to the real signal. Since it is random , the mean value is zero which gives no indication
of the noise level (conventionally, the noise level is measured as the standard deviation
of the noise). It is important in medical imaging that the recorded signal is as large as
possible ion order to get the highest signal-to-noise ration (SNR).

SNR ∝ ∆V
√
t (26)

Increasing time increases the SNR
Increasing the voxel volume ∆ V increases
the SNR, but you have a lower resolution.
The resolution is best for small ∆ V

SNR-SPEED-IMAGE QUALITY

With increasing time, you get more
signal→ increased SNR. The noise in
these pictures can be recognized from
the gray zone outside of the brain, you
shouldn’t get any signal from air.
from equation 26 , doubling the time in-
creases the SNR by

√
2 (16×

√
2 = 23)

SPATIAL RESOLUTION

Here illustrated is the SNR - spatial re-
solution dilemma . The signal from MR
imaging is 2000 times stronger than with
MR microscopy, but the resolution of MR
microscopy is much higher due to small
voxels.
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MAXIMIZING SIGNAL

Increasing the transverse magnetization
Mxy increases the Larmor frequencyω and
therefor the Usignal is increased too.

If there is no magnetic field B(x), there will be no induced Voltage U from the signal.
But there will be a randomly distributed Unoise. Because it is randomly distributed, the
mean value of Unoise will be zero.

NOISE SOURCES

There are 2 possible sources :
* Moving electrons in the receiver antenna (I0)
* Ions, dipolar moving molecules from the body (Unoise)

To reduce the noise from the moving ions in the body, the sample should be frozen, but
this is not a viable in vivo technique.

RECIPROCITY : Voltage Unoise is induced by thermal motion of charged particles⇔
Current I0 through the coil would cause thermal motion

MAXIMIZING SNR

Increasing the sensitivity S can be done
by using a small coil. To reduce the noise
from the coil, the coil can be cooled down
(with liquid nitrogen).
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SYSTEM COMPONENTS

MAGNETIC RESONANCE HARDWARE

cool down to create superconductor
shims : equalize the magnetic field Gradients : x-y-z gradient coil

The early magnets where much weaker than the ones today due to their resistivity.
Magnet stray field : The magnetic stray field or demagnetizing field acts on the

magnetization so as to reduce the total magnetic moment. It is important to shield down
the very strong magnetic fields from the outside.

PERIPHERAL NERVE STIMULATION

By switching on and off the gradients rapidly, you can trigger and action potential in
the cells. It’s particularly dangerous for cardiac muscles.

ANATOMICAL IMAGING

Have a look at the pictures in the slides (from page 61) For small vessels and details,
it’s possible to use contrast agent.

FUNCTIONAL IMAGING

FUNCTIONAL MAGNETIC RESONANCE IMAGING - FMRI

fMRI is a technique to determine which areas of the brain are involved in specific
cognitive tasks as well as general brain functions. The method is based on the fact that
the MRI signal intensity changes depending upon the level of oxygenation of the blood
(BOLD effect).

With fMRI, you can identify regions that
perform specific functions
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HEMOGLOBIN

oxy-Hb is diamagnetic, it does not have magnetic responses and deoxy-Hb is paramagnetic.Deoxy-
Hb have magnetic responses and it increases inhomogeneity of the local magnetic field
(spins are more out of phase), leading to shorter T2. When neuronal activation occurs in
the brain, the local blood flow is increased and there is a decrease in the concentration
of deoxy-Hb. The local field gradient between blood and tissue will also decrease.

As a result, the values of T2 and T ∗2 increase locally in active areas.

FMRI CONTRAST

FMRI- TEMPORAL BOLD RESPONSE

* After the onset of neuron acti-
vity, the active neurons use oxy-
gen thereby increasing the relative
level of deoxyhaemoglobin in the
blood, which leads to the decrease
of the BOLD fMRI signal initially.

* Following this initial increase in
deosyhaemoglobin, there is a sup-
ply of oxygen-rich blood, leaden to
a large decrease in deoxyhaemo-
globin, therefor an increase in the
BOLD fMRI signal.

* Finally, the level of deoxyhaemo-
globin slowly returs to normal and
the BOLD fMRI signal decays.
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After the onset of neuron activity, the active neurons use oxygen thereby increasing
the relative level of deoxyhaemoglobin in the blood, which leads to the decrease of the
BOLD fMRI signal initially.

ANATOMICAL CONNECTIVITY

With fMRI, it is possible to discover important brain connections. This is used before
brain surgeries to make sure that no connectivity is damaged.

The diffusion MRI is a method that allows the mapping of the diffusion process of
water molecules in the tissue.. Molecular diffusion in tissues is not free, but reflects
interactions with many obstacles. Diffusion patterns of water can therefore reveal mi-
croscopic details about tissue architecture.

The diffusion coefficients are different for every tissue types. It is given by :

D =
λ× v

6

With λ : free path length and
v : molecular velocity

DIFFUSION WEIGHTING

If the molecule diffuses, the magnetic field
while activating the negative gradient will
be different than if the molecules didn’t
move

DIFFUSION TENSOR IMAGING-DTI

DTI is important when a tissue- such
as the neural axons of white matter or
muscle fibers in the hart has an internal
structure analogous the the anisotropy
of some crystals. Water will then diffuse
more rapidly in the direction aligned with
the internal structure and more slowly as
it moves perpendicular to the preferred
direction. You can therefor acquire infor-
mations about the preferred direction of
diffusion (smarties picture p.75 from lec-
ture slide)
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SUMMARY MRI

NUCLEAR IMAGING
* MR signal based on angular momentum of certain nuclei
* Radio-frequency energy at Larmor frequency to excite
* Antenna tuned to Larmor frequency to receive
* Relaxation with longitudinal and transferal time constants
* Macroscopis description using Bloch equations
* Spin-echo formation using 2 radio-frequency pulses

MAGNETIC RESONANCE IMAGING
* Radio-frequency wavelength prohibits appropriate resolution
* Spectroscopic principle of encoding is used
* Magnetic field gradients to map position to frequency/phase
* Inverse Fourier transform to generate images
* Sequential encoding principle and hence relatively slow
* High resolution requires long scan times

* Proton density and relaxation properties differ in tissue
* Partial saturation sequences to create image contrast
* Long repetition times for proton density weighting
* Shorter repetition times for T1 weighting
* Spin-echo sequences for T2 weighting
* Inflow contrast visualizes blood vessel

INSTRUMENTATION AND APPLICATIONS
* SNR is key image quality criterion
* SNR sets limits to resolution and scanning speed
* SNR optimization to maximize B and minimize E field of setup
* Increasing static magnetic field strengths
* Optimize and cool receive coils

* Superconducting and shielded magnets (0.5-7.0 Tesla)
* Magnetic stray field poses potential hazards (projectiles)
* Magnetic material not permitted within stray field
* Nerve stimulation threshold constrains gradient field
* Body coil to transmit, surface coil to receive

* Blood oxygenation level dependent (BOLD) contrast
* BOLD signal is relative and very weak (repeating the experiments multiple times)
* Image intensity changes are due to several effects
* Series of activation/deactivation for statistical power
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* Water self-diffusion constrained in different tissue types
* Diffusion weighted imaging to create diffusion contrast
* Diffusion tensor imaging to infer diffusion directions
* Fiber tracking to visualize paths of fiber bundles
* Measurement very sensitive to bulk motion of subject

SOURCES

http ://eeweb.poly.edu/ yao/EL5823/
https ://courses.edx.org/courses/UQx/BIOIMG101x/1T2014/info
Lecture : Biomedical Imaging, Professor Kozerke. HS 2014
Book : Introduction to Medical Imaging. Webb and Smith


